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Abstract Let cp : R™ x [0,oo) — > [0,oo) be a function such that tp(x, •) is an Orlicz 
function, and (f(-,t) is a Muckenhoupt A^IR") weight. In this paper, the authors estab- 
lish the Lusin area function and the molecular characterizations of the Musielak-Orlicz 
Hardy space H^iW 1 ) introduced by Luong Dang Ky via the grand maximal function. 
As an application, the authors obtain the (p-Carleson measure characterization of the 
Musielak-Orlicz BMO-type space BMO^(R"), which was proved to be the dual space of 
H v (R n ) by Luong Dang Ky. 



1 Introduction 

The real- variable theory of Hardy spaces on the n-dimensional Euclidean space M. n was 
originally studied by Stein and Weiss [50] and systematically developed by Fefferman and 
Stein in a seminal paper [19]. Since the Hardy space if p (lR n ) with p £ (0, 1] is, especially 
when studying the boundedness of operators, a suitable substitute of the Lebesgue space 
L p (R n ), it plays an important role in various fields of analysis and partial differential 
equations (see, for example, [13, 47, 49] and their references). In order to conveniently 
apply the real- variable theory of H p (M. n ) with p £ (0, 1], their several equivalent character- 
izations were revealed one after the other (see, for example, [19, 12, 37, 53, 49]). Among 
others a very important and useful characterization of the Hardy spaces is their atomic 
characterizations, which were obtained by Coifman [12] when n = 1 and Latter [37] when 
n > 1. Later, as an extension of this characterization, the molecular characterization of 
Hardy spaces was established by Taibleson and Weiss [53] . 

On the other hand, due to need for more inclusive classes of function spaces than the 
L p (R n )-families from applications, the Orlicz space was introduced by Birnbaum-Orlicz in 
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[3] and Orlicz in [43], which is widely used in various branches of analysis (see, for example, 
[44, 45, 1, 9, 26, 27, 55, 29, 30, 31] and their references). Moreover, as a development of 
the theory of Orlicz spaces, Orlicz-Hardy spaces and their dual spaces were studied by 
Stromberg [51] and Janson [28] on R n and Viviani [54] on spaces of homogeneous type in 
the sense of Coifman and Weiss [15] and, quite recently, Orlicz-Hardy spaces associated 
with operators by Jiang and Yang [29, 30], Jiang, Yang and Zhou [31]. 

Furthermore, the classical BMO space (the space of functions with bounded mean oscil- 
lation), originally introduced by John and Nirenberg [32], and the classical Morrey space, 
originally by Morrey [40], play an important role in the study of partial differential equa- 
tions and harmonic analysis (see, for example, [19, 42] for further details). In particular, 
Fefferman and Stein [19] proved that BMO(lR n ) is the dual space of H 1 ^ 71 ) and also 
obtained the Carleson measure characterization of BMO(K ra ). Recall that the Carleson 
measure was originally introduced by Carleson [10, 11] and its equivalent characteriza- 
tion, in terms of BMO(R ra ) function, was established in [10]. Moreover, the generalized 
BMO-type space BMOp(M n ) was studied in [51, 28, 54, 25] and it was proved therein to 
be the dual space of the Orlicz-Hardy space H$(R n ), where <3? denotes the Orlicz function 
on (0, oo) and p(t) := t^ 1 /^ 1 ^ 1 ) for all t G (0,oo). Here and in what follows, <I> _1 
denotes the inverse function of <£. Meanwhile, the Carleson measure characterization of 
BMOpQET) was obtained in [25]. 

Recently, a new Musielak-Orlicz Hardy space H^iW 1 ) was introduced by Ky [34], via 
the grand maximal function, which includes both the Orlicz-Hardy space in [51, 28] and 
the weighted Hardy space H%(R n ) with p G (0,1] and co G A OCJ (R n ) in [23, 52]. Here 
and in what follows, <p : R n x [0, oo) — > [0, oo) is a function such that f(x,-) is an Orlicz 
function of uniformly upper type 1 and lower type p for some p G (0, 1] (see Section 2 for 
the definitions of uniformly upper or lower types), and ip(-,t) is a Muckenhoupt yl 00 (]R n ) 
weight, and A q (R n ) with q G [l,oo] denotes the class of Muckenhoupt 's weights (see, for 
example, [22, 23, 24] for their definitions and properties). In [34], Ky first established 
the atomic characterization of i^(R ra ), and further introduced the Musielak-Orlicz BMO- 
type space BMO v ,(M n ) and proved that it is the dual space of H (p (R n ). Furthermore, some 
interesting applications of these spaces were also presented in [4, 6, 7, 34, 35, 36]. Moreover, 
the local Musielak-Orlicz Hardy space, /i^(R n ), and its dual space, bmo ¥ ,(]R ra ), were studied 
in [56] and some applications of /i^(]R n ) and brno^M" - ), to pointwise multipliers of BMO- 
type spaces and to the boundedness of local Riesz transforms and pseudo-differential 
operators on h (p (M n ), were also obtained in [56]. Recall that Musielak-Orlicz functions 
are the natural generalization of Orlicz functions that may vary in the spatial variables 
(see, for example, [17, 18, 34, 41]). Moreover, the motivation to study function spaces 
of Musielak-Orlicz type is due to that they have wide applications to several branches of 
physics and mathematics (see, for example, [5, 6, 7, 17, 18, 34, 38, 56] for more details). 

Motivated by [34, 53, 19, 10], in this paper, we establish the Lusin area function and the 
molecular characterizations of the Musielak-Orlicz Hardy space H^(R n ). As an applica- 
tion, we obtain the (^-Carleson measure characterization of the Musielak-Orlicz BMO-type 
space BMO^(r). 

Precisely, this paper is organized as follows. In Section 2, we recall some notions of 
growth functions, some examples, and their properties established in [34]. 
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In Section 3, we first recall some notions about tent spaces and then study the Musielak- 
Orlicz tent space T^R™ - ^ 1 ). The main target of this section is to establish the atomic 
characterization of T^R™ -1-1 ) (see Theorem 3.1 below). As a byproduct, we show that 
if / € T^R^ 1 ) n 7f (R™ +1 ) with p G (0,oo), then the atomic decomposition of / holds 
in both T^R™" 1 " 1 ) and Tf(R™ +1 ), which plays an important role in the remainder of this 
paper (see Corollary 3.4 below). 

In Section 4, we introduce the Hardy- type spaces, //^(R 71 ) and H^' s ^ ol (M. n ) , respec- 
tively, via the Lusin area function and the molecule, and then prove that the operator ir^, 
which was first introduced in [14] (see also (4.2) below), maps the Musielak-Orlicz tent 
space 7L,(RI? +1 ) continuously into H^s^R™) (see Proposition 4.7 below). By this and the 
atomic decomposition of T (/ ,(IR™ +1 ), we conclude that for each / £ H^^siM- 71 ) vanishing 
weakly at infinity (see Section 4 below for the definition of vanishing weakly at infin- 
ity), there exists a molecular decomposition of / holding in i? ¥ , ) s(R n ) (see Proposition 
4.8 below). Via this molecular decomposition of ^^(l") and the atomic characteriza- 
tion of H l p(M n ) established by Ky [34], we further obtain the Lusin area function and the 
molecular characterizations of ff^(R n ) (see Theorem 4.11 below). 

In Section 5, we first recall the definition of the Musielak-Orlicz BMO-type space 
BMO^(R n ) and introduce the <^-Carleson measure. When 92 further satisfies nq{ip) < 
(n+l)i((p) (see (2.3) and (2.4) below respectively for the definitions of q((p) and then 
in Theorem 5.3 below, we establish the c^-Carleson measure characterization of BMO ¥ ,(R ra ) 
by using the Lusin area function characterization of H {p (M n ) in Theorem 4.11. 

We remark that the method obtaining the Lusin area function characterization of 
H lfi (W l ) in this paper is different from the classical case. More precisely, in the clas- 
sical case, the Lusin area function characterization of Hardy spaces was established by 
using the Calderon reproducing formula and a subtle decomposition of all dyadic cubes 
in R n (see, for example, [20]). However, in this paper, we establish the Lusin area func- 
tion characterization of H^(W n ) by using the Calderon reproducing formula (see (4.22) 
below), the atomic decomposition of the Musielak-Orlicz tent space in Theorem 3.1 and 
some boundedness of the operator tt^ in Proposition 4.7. This method is more close to the 
method used in [14, 30, 29, 31, 48, 8]. Moreover, different from [48, 8], we do not need the 
additional assumption that for any t £ [0, oo), (f(-,t) satisfies the reverse Holder inequality 
of order 2 (see Definition 2.1 below for the definition of the reverse Holder inequality), 
by fully using the L p (R n ) boundedness of the Lusin area function S for all p G (l,oo). 
However, in [8], by the assumptions of operator L, it is known that the Lusin area function 
Sl, associated with the operator L, is bounded only on L 2 (X). Thus, in some sense, the 
better properties of S than Sl make up the absence of the reverse Holder property of 
weights in this paper. 

Moreover, by using the Lusin area function characterization of H (f (M. n ), obtained in 
this paper, Liang, Huang and Yang [39], via establishing a Musielak-Orlicz Fefferman- 
Stein vector-valued inequality, further obtain the Littlewood-Paley g-function and g^- 
function characterizations of i? v (R n ), under the additional assumption that <~p(-,t) being 
a Muckenhoupt ^(R™) weight. Furthermore, the characterizations of H^(R n ) in terms of 
the vertical and the non-tangential maximal functions, with (f(-,t) being a Muckenhoupt 
A 00 (M n ) weight, were obtained in [39]. 
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We also point out that the main results of this paper, including the Lusin area function 
and the molecular characterizations of H lfi (R n ) and the (/9-Carleson measure characteriza- 
tion of BMO^(IR n ), have local variants, which will be studied in a forthcoming paper (see 
[56] for the definition of the local Musielak-Orlicz Hardy space h ip (W 1 )). 

Finally we make some conventions on notation. Throughout the whole paper, we denote 
by C a positive constant which is independent of the main parameters, but it may vary 
from line to line. We also use C(7,/3, • • • ) to denote a positive constant depending on the 
indicated parameters 7, j3, ■ ■ ■ . The symbol A < B means that A < CB. If A < B and 
B < A, then we write A ~ B. The symbol [s\ for s G R denotes the maximal integer not 
more than s. For any given normed spaces A and B with the corresponding norms || • \\a 
and || • ||e, the symbol A C B means that for all f £ A, then / G B and \\f\\s < H/H.4- 
For any subset E of R n , we denote by E^ the set W 1 \ E and by \E its characteristic 
function. We also set N := {1, 2, • • • } and Z+ := {0} U N. For any := (6>i, . . . , 9 n ) G Z + , 
let \6\ := 0i + ■•• + 6 n and d e x := — e ® W Bn . For any index q G [1, 00], we denote by q' its 

conjugate index, namely, 1/q + 1/q' = 1. 



2 Growth functions 

In this section, we first recall some notions and assumptions on growth functions con- 
sidered in this paper and give some examples which satisfy these assumptions. We also 
recall some properties of growth functions established in [34]. 

Recall that a function <!> : [0, 00) — > [0, 00) is called an Orlicz function if it is non- 
decreasing, ^(O) = 0, 3>(t) > for t G (0,oo) and lim^oo <!>(£) = 00 (see, for example, 
[41, 44, 45]). The function $ is said to be of upper type p (resp. lower type p) for some 
p G [0, 00), if there exists a positive constant C such that for all t G [1, 00) (resp. t G [0, 1]) 
and s G [0,oo), $(st) < CtP^(s). 

For a given function ip : R ra x [0, 00) — > [0, 00) such that for any x G R ra , <p(x, •) is an 
Orlicz function, 99 is called to be of uniformly upper type p (resp. uniformly lower type 
p) for some p G [0, 00) if there exists a positive constant C such that for all x G R n , 
t G [0,oo) and s G [l,oo) (resp. s G [0,1]), ip(x,st) < Cs p (p(x,t). We say that ip is of 
positive uniformly upper type (resp. uniformly lower type) if it is of uniformly upper type 
(resp. uniformly lower type) p for some p G (0, 00), and let 

(2.1) i(ip) := sup{p G (0,oo) : 99 is of uniformly lower type p}. 

Observe that i(ip) may not be attainable, namely, ip may not be of uniformly lower type 
i(ip); see below for some examples. 

Let ip : R n x [0, 00) — > [0, 00) satisfy that x H> ip(x,t) is measurable for all t G [0, 00). 
Following [34], ip(-, t) is called uniformly locally integrable if, for all compact sets K in R n , 



/ sup <ip(x,t) / ip(y,t)dy 

JKt€(0,oo) UK 



dx < 00. 
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Definition 2.1. Let tp : M. n x [0, oo) — > [0, oo) be uniformly locally integrable. The 
function (f(-,t) is called to satisfy the uniformly Muckenhoupt condition for some q G 
[1, oo), denoted by ip G A ? (R n ), if, when q G (1, oo), 



(2.2) A ? (<£>) := sup sup f <p(x,t)dx\ f [p{y,t)]- q ' / q dy 

te[o,oo)BcR n \ ti \ q Jb Ub 



q/q' 

< OO, 



where 1/q + l/q' = 1, or 

A\(ip) := sup sup — — J p(x,t)dx ( esssup [p(y, i)] 1 J < oo. 
te[o,oo)BcK n \B\ Jb \ yeB J 

Here the first supremums are taken over all t G [0, oo) and the second ones over all balls 
B C W l . 

The function <p(-,t) is called to satisfy the uniformly reverse Holder condition for some 
q G (l,oo], denoted by ip G MH (? (IR n ), if, when q G (l,oo), 

MMq((p) : = sup sup < — — J [<p(x, t)] q dx 1 < — — - f p(x,t)dx\ < oo, 

te[0,oo) BCl" III J B J U-d| J 



or 



(<p) := sup sup < esssup p(y,t) > {77^7 / p(x,t) dx\ < 00. 
te[o,oo)BcR" [ yeB ' J I \B\ Jb J 

Here the first supremums are taken over all t G [0, 00) and the second ones over all balls 
B C W l . 

Recall that in Definition 2.1, A q (W n ) with q G [l,oo) was introduced by Ky [34]. 

Let Aoo(]R n ) := U ge [ li00 )A g (R n ) and define the critical indices of ip G A 00 (R n ) as follows: 

(2.3) q(tp) := inf {q G [1, 00) : <p G A 9 (M n )} 
and 

(2.4) r(y>) := sup {g G (1, 00] : y> G MMg(M n )} . 

Observe that if q(p) G (1, 00), then tp A q ^(M. n ), and there exists p G" Ai(M n ) such that 
q(p) = 1 (see, for example, [33]). Similarly, if r(p) G (l,oo), then ip RHj-^^M"), and 
there exists p MlHI 00 (lR n ) such that r(<p) = 00 (see, for example, [16]). 
Now we introduce the notion of growth functions. 

Definition 2.2. A function p : W 1 x [0, 00) — > [0, 00) is called a growth function if the 
following hold: 

(i) p is a Musielak- Orlicz function, namely, 

(i)i the function <p(x, •) : [0, 00) — > [0, 00) is an Orlicz function for all x G W 1 ; 
(1)2 the function p(-,t) is a measurable function for all t G [0, 00). 
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(ii) tp g AooQR"). 

(iii) The function <p is of positive uniformly lower type p for some p G (0, 1] and of 
uniformly upper type 1. 

Clearly, tp(x,t) := tj(x)$(t) is a growth function if to G Aoo(R n ) and $> is an Orlicz 
function of lower type p for some p G (0, 1] and of upper type 1. It is known that, for 
p G (0, 1], if 3>(i) := t p for all i G [0, oo), then $ is an Orlicz function of lower type p 
and of upper type p; for p G [^,1], if $(t) := i p /ln(e + t) for all i G [0, oo), then $ 
is an Orlicz function of lower type q for q G (0,p) and of upper type p; for p G (0, ^], 
if $(i) := t p ln(e + i) for all £ G [0, oo), then $ is an Orlicz function of lower type p 
and of upper type q for q G (p, 1]. Recall that if an Orlicz function is of upper type 
p G (0, 1), then it is also of upper type 1. Another typical and useful growth function is 
ip(x, t) := [ln(e+N)] ^ [ln(e+t)]7 for all i£t" and t G [0, oo) with any a G (0, 1], $ G [0, oo) 
and 7 G [0, 2a(l + In 2)]; more precisely, ip G Ai(IR ra ), p is of uniformly upper type a and 
i{ip) = a which is not attainable (see [34]). 

Throughout the whole paper, we always assume that if is a growth function as in 
Definition 2.2. Let us now introduce the Musielak- Orlicz space. 

The Musielak- Orlicz space L^(IR ra ) is defined to be the set of all measurable functions 
/ such that J Rn (p(x, \f(x)\) dx < oo with Luxembourg norm 




In what follows, for any measurable subset E of M n and t G [0, oo), we let 

tp(E,t) := / ip(x,t)dx. 
Je 

The following Lemma 2.3 on the properties of growth functions is just [34, Lemmas 4.1 
and 4.2]. 

Lemma 2.3. (i) Let ip be a growth function. Then ip is uniformly a -quasi- subadditive on 
W 1 x [0, oo), namely, there exists a positive constant C such that for all (x, tj) G M n x [0, oo) 

with j g n, <p(x, E?=i tj)<c ET=i rt x > h)- 

(ii) Let p be a growth function and <p(x,t) := Jq ds for all (x,t) G W 1 x [0, oo). 
Then <p is a growth function, which is equivalent to (p; moreover, (p(x, •) is continuous and 
strictly increasing. 

(iii) Let ip be a growth function. Then f Rn <p(x, y \ (^l n) ) = 1 for all f G L ip (W l ) \ {0}. 

We have the following properties for A oc (lR ri ), whose proofs are similar to those in 
[23, 24]. 

Lemma 2.4. (i) Ai(M n ) C A p (IR n ) C A q (R n ) forl<p<q<oo. 

(ii) MM 00 (IR n ) C EHp(]R n ) C RM (? (]R n ) for 1< q < p < oo. 

(iii) If ip G A p (IR ra ) with p G (l,oo), then there exists q G (l,p) such that ip G A g (E ra ). 

(iv) A 00 (M n ) = U pG[lj0o) A p (]R n ) = U ge(li00] MH g (R"). 
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(v) If p G (l,oo) and ip G A p (M n ), then there exists a positive constant C such that for 
all measurable functions f on W 1 and t G [0, 00), 

/ [M{f)(x)f <p(x, t)dx<C I \f(x)\^(x, t) dx, 

where M. denotes the Hardy-Littlewood maximal function on M. n , defined by setting, for 
all x G R n , 



M(f)(x) := sup^L f \f(y)\dy, 



where the supremum is taken over all balls B 3 x. 

(vi) // <p G A p (W l ) with p G [l,oo), then there exists a positive constant C such that for 
all balls Bi, B 2 C R n with B x C B 2 and t G [0, 00), 



<p(B 2 ,t) 
<p(Bi,t) 



< C 



\B2 

I Si 



(vii) If <p G MEI g (IR ra ) with q G (l,oo] ; then there exists a positive constant C such that 
for all balls B 1: B 2 C W 1 with B 1 C B 2 and t G [0, 00), 



<p(B 2 ,t) 
<p(Bi,t) 



> C 



\B 2 \ 
\B,\ 



(i-m 



3 Musielak-Orlicz tent spaces 

In this section, we study the tent spaces associated with the growth function <p as in 
Definition 2.2. We first recall some notions as follows. 

Let M r | +1 := M n x (0, 00). For any v G (0, 00) and x G W 1 , let 

T„(x) := {(y,t) G : \x - y\ < vt} 

be the cone of aperture v with vertex x G M. n . For any closed set F of M. n , denote by 1Z V F 
the union of all cones with vertices in F, namely, TZ U F := U xg i?r jy (x) and, for any open 
set O in R n , the tent over O by T u (0), which is defined as T u (0) := [^(0 C )] C . It is easy 
to see that 

T v {0) = \{x,t) G : d(x,0 C ) > i/t} . 

In what follows, we denote Ti(x) and T\{0) simply by T{x) and O, respectively. 
For all measurable functions g on R™ +1 and x G W 1 , define 

We remark that Coifman, Meyer and Stein [14] studied the tent space for p G 

(0,oo). Recall that a measurable function g is said to belong to the tent space T^MJ^ 1 ) 



8 



Shaoxiong Hou, Dachun Yang and Sibei Yang 



withp G (0,oo), if ||<?|| T P( R n+i) := ||*4(<?)||.LP(R n ) < 00 . Moreover, the tent spaces T$(R™ +1 ) 
associated with the Orlicz function $ were studied in [25, 30]. 

Let (p be as in Definition 2.2. In what follows, we denote by T^IR™" 1 " 1 ) the space of 
all measurable functions g on such that A(g) G L v (R n ) and, for any g G T^IR™ 4 " 1 ), 

define its quasi-norm by 

\\9\\t v (RI +1 ) := \\A(g)\\L<e(Rn) = inf I A G (0,oo) : J y \x, j dx < 1 

Let p G (1, 00). A function a on M r | +1 is called a (99, p)-atom if 

(i) there exists a ball B cW 1 such that suppa C B; 

(ii) IHI^n+i) < |£| 1/p ||xb||^(]r™)- 

Furthermore, if a is a (<£>,p)-atom for all p G (l,oo), we then call a a (ip, 00) -atom. 
For functions in the space T„(RI?L +1 ), we have the following atomic decomposition. 

Theorem 3.1. Let if be as in Definition 2.2. Then for any f G T^(R+ +1 ), there exist 
{^j}j C C and a sequence {aj}j of ((p, 00) -atoms such that for almost every (x,t) G R" +1 , 

(3.1) /(M) = £Wx,t). 



Moreover, there exists a positive constant C such that, for all f G T ip (M r ^~ 1 ). 
(3.2) A({A j a J } J ) := inf i A G (0, 00) : J> fs„ — -M \ < A < C 



r v (R™ +1 ) 



where, for each j, Bj appears in the support of aj. 

The proof of Theorem 3.1 is similar to that of [30, Theorem 3.1] (see also [14]). To this 
end, we need some known facts as follows. 

Let F be a closed subset of W 1 and O := F . Assume that |0| < 00. For any fixed 
7 G (0, 1), x G M. n is said to have the global ^-density with respect to F if, for all r G (0, 00), 

\B(x,r) n F| 

> 7- 



\B(x,r) 

Denote by F* the set of all such x. It is easy to prove that F* with 7 G (0, 1) is a closed 
subset of F. Let 7 G (0, 1) and O* := (F*) C . Then O* is open and O C O^. Indeed, from 
the definition of O*, we deduce that O* = {x G M n : M{xo){ x ) > 1 — 7}, which, together 
with the fact that M. is of type weak (1,1), further implies that there exists a positive 
constant C(7), depending on 7, such that \0*\ < C(j)\0\. 
The following Lemma 3.2 is just [30, Lemma 3.1]. 
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Lemma 3.2. Let u, n G (0, oo). Then there exist positive constants 7 G (0,1) and 
C(7, 17 r/) suc/i £/W /or any closed subset F of MP whose complement has finite measure, 
and any nonnegative measurable function H on ]R™ +1 , 

f H(y,t)t n dydt<C( 7 ,u,ri) f \ [ H{y,t) dy dt\ dx, 

Jn v {F*) JF {Jt v {x) J 

where F* denotes the set of points in M. n with the global ^-density with respect to F. 

Moreover, we also need the following Lemma 3.3, whose proof is similar to that of [34, 
Lemma 5.4]. We omit the details. 

Lemma 3.3. Let (p be as in Definition 2.2, f G T (/ ,(M™ +1 ), k eZ and 

n k := \x G R n : A(f)(x) > 2 fc } . 
Then there exists a positive constant C such that, for all A G (0, oo), 

?/( 0fe '£)- c XX x '^) dx - 



Now we prove Theorem 3.1 by using Lemmas 3.2 and 3.3. 
Proof of Theorem 3.1. Let / G T (/ ,(IR™ +1 ). For any fceZ, let 

O k := [x G R n : A{f)(x) > 2 fc } 

and F k := 0\. Since / G T (/ ,(IR™ +1 ), for each k, O k is an open set of W 1 and \O k \ < 00. 

Let 7 G (0, 1) be as in Lemma 3.2 with rj = 1 = v. In what follows, we denote (F k )* 
and (Ok)* simply by F£ and 0* k , respectively. We claim that supp/ C (U ke zOl U E), 
where E C R+ +1 satisfies that J E ^ = 0. Indeed, let (x, t) G be the Lebesgue 

point of / and (x,t) G" U ke zO k . Then there exists a sequence {y k }kei, of points such 
that {y k } k £z C B(x,t) and for each k, y k G" OJ, which implies that for each k G Z, 
■M(xo k ){yk) < 1 — 7- From this, we further deduce that 

| J B(z,?;)n{z G M n : ^(/)(^) < 2 fc }| > 7|B(x,t)|. 

Let k -»• -00. Then |B(x,t) fl{zEl": ^(/)(«) = 0}| > 7|B(x,t)|. Therefore, there 
exists y G B(x,t) such that / = almost everywhere in T(y), which, together with 
Lebesgue's differentiation theorem, implies that f(x,t) = 0. From this, we infer that the 
claim holds. 

Recall that Oj£, for each k G Z, is open. Moreover, for each k G Z, by applying the 
Whitney decomposition to the set Oj£, we obtain a set of indices and a family {Q k , j}jei k 
of closed cubes with disjoint interiors such that 

(i) U jeIk Q kJ = 0* k and, if i / j, then Q kjj n = 0; 
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(ii) \fnt{Qk,j) < dist (Qk,j, ) < ^\fnl(Qk,j), where t{Qk,j) denotes the side-length 
of Q k ,j and dist (Q kJ , (0* k ) C ) := inf{d(u, w) : u G Q fcJ , to € (0£) C }. 

Then for each j G we let be the 6a// with the center same as Qk,j an d with the 
radius ^-^/n-times £(Qk,j)- Let A k j := B k j fl (Qfej x (0, oo)) n (0£ \ Oj£ +1 ), 

a k,j := 2 IIX-Bfc.j llx,¥>(Kn)/Xfc,j 

and A fc j := 2 fc ||xB fej ||^(Rn). Notice that {(Q k j x (0,oo)) n (0| \ 0^ +1 )} C 5^-. From 
this, we deduce that / = Ylkei ^2jei k ^k,j a k,j almost everywhere on 

We first show that for each fceZ and j € Ik, cifcj is a (99, oo)-atom supported in Bkj. 
Let p G (l,oo), p' be its conjugate index, and /iGTj with ||/i|| p ' n+1 < 1. Since 

Akj C (0^ +1 ) 1 " = F£ +1 , by Lemma 3.2 and Holder's inequality, we see that 



\("kj,h)\ - 



f dy c 

f f d dt f 

JF fe+1 7r(x) * + ^(o fc+1 )C 

<2- fc ||XB fc JIZ' (R .)(/ W)(x)fdx 
[^B fcj n(O fc+1 )C 



7f (R" +1 ) 



<IR I /p 1 1 -v II - ^ 



which, together with (7f(R™ +1 ))* = 7f'(M™ +1 ) (see [14]), where (Tf(IR™ +1 ))* denotes the 
dua/ space of 7f(M+ +1 ), implies that ||afc,j|| T P( R ™+i) < |-Bfej| 1/,p ||XB fc j IIl<J(M")- Thus, a^j is 

a (<£>,p)-atom supported in Bkj up to a harmless constant for all p G (1, 00) and hence a 
(if, oo)-atom up to a harmless constant. 

By Lemma 2.4(iv), we know that there exists po G (q(ip), 00) such that ip G A Po (IR ra ). 
From this and Lemma 2.4(v), it follows that, for any k G Z and i G (0, 00), 

^ *) £ (T^jW X, ^^O fc )(a:)r V (x, t) dx 

~ (1 _ 7)P o X, [X ° fc ^ ^ ^ ~ ^ (0fc ' ^ ' 

which, together with Lemmas 2.3(i) and 3.3, implies that, for all A G (0, 00), 

££K^*£fc) *££'(*<•?) *£'(«■?) 

By this, we conclude that A({Afcjafcj}fcez, j) ^5 II/IIt (M n+1 )' wmcn completes the proof of 
Theorem 3.1. □ 



Musielak-Orlicz Hardy Spaces 



11 



Corollary 3.4. Let p G (0, oo) and if be as in Definition 2.2. Iff G T v (R™ +1 )nTf(IR™ +1 ) ; 
then the decomposition (3.1) also holds in both T V (M™ +1 ) and 7f(IR™ +1 ). 

Proof. Let / G (M" +1 ) n 7f (R™ +1 ) . We first show that (3.1) holds in T^(Rl +1 ). To this 
end, we need to prove that 

(3-3) / tp (x,A(\ k ,ja kJ )(x)) dx<(p (s kJ , ) , 

where for each k and j, X k j, a k j and j are as in the proof of Theorem 3.1. Indeed, by 
suppafcj C B k ,j, we know that supp (A(X k ja k j)) C B k j. Furthermore, by <p G Aoo(IR n ) 
and Lemma 2.4(iv), we see that there exists qo G (l,oo) such that ip G REL^R"). From 
this, the uniformly upper type 1 property of 92, Holder's inequality and that a k j is a 
(</?, oo)-atom up to a harmless constant, we deduce that 

/ y{x,A(\k,ja k j){x)) dx 

JR n 

< [ [l + A(a k j)(x)\\xB kj \\L<p&»)]<p(x,j. ) dx 

JB k .i ' V \\XB kij \\Lv{MP)J 



.... ( p 

\\XB kij \\L<P( 



— )+ { [A a k,j)(x)] g '° dx \ ||xb m ||lv(K") 



X 



. !/<?() 



dx 



< if (B kij , \X k ,j\\\XB k J\ L l( R n^ + \\a k j\\ T ^^ +1 ^\\XB k J\L'P(Rn) 

x\Bkj\~ 1/q °tp {BkjAXkJWxB^Wll^u^ < P> (B Kj , \\ k ,j\\\xB k J\l\ Rn ^ , 
which implies that (3.3) holds. It was proved in Theorem 3.1 that 

EE^f^' li |A N ,jl )Z[ <P(x,A(f)(x))dx<oo. 

keZjeIk V \\XB kJ \\L*(R")J Jr™ 

By this, (3.1) and Lemma 2.3 (i), we conclude that 



Mf- E A ^ 

jdk,j 

jRn \ \ \k\+j<N 

~ E / f(x,A{X k ,ja kd )(x)) dx < V ¥»(Bfcj,-jj ) -»• 0, 

u.i.^Ar-'R" |fc|+i>iV V IIXb m IIl^(r™)/ 



|fc|+j>JV 

as iV ->• oo. Therefore, (3.1) holds in T^R™* 1 ). Moreover, similar to the proof of [30, 
Proposition 3.1], we know that (3.1) also holds in T% (R™ +1 ), which completes the proof of 
Corollary 3.4. □ 
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In what follows, let T£(R™ +1 ) and T 2 p ' c (M T j +1 ) with p G (0, oo) denote, respectively, the 
sets of all functions in r^(R" +1 ) and T 2 (R™ +1 ) with compact support. 

Proposition 3.5. Let tp be as in Definition 2.2. Then T^(R™ +1 ) C T 2 ' C (M™ +1 ) as sets. 

Proof. It is well known that for all p G (0,oo), T 2 P,C (R™ +1 ) C T 2 ' C (R™ +1 ) as sets (see, 
for example, [30, Lemma 3.3(i)]). Thus, to prove T^(1R™ +1 ) C T 2 ' C (R™ +1 ), it suffices to 
show that T^(M™ +1 ) C T P,C (R™ +1 ) for some p G (0,oo). Suppose that / G T^(R T j +1 ) and 
supp/ C K, where K is a compact set in R™ +1 . Let Bbea ball in R n such that K C B. 
Then supp(-4(/)) C B. Let po G (0, i(f)) and qo G (q(ip), oo). Then if is of uniformly 
lower type po and ip G Ag (R ra ). From this, Holder's inequality, (2.2) and the uniformly 
lower type po property of (p, we deduce that 



/ 



< 



[A(f)(x)} p °/ qo dx 

{j[Atf){x)Y°y{x, 1) dx} 11 ' {J B i<P( x > 1 T 9 ' o/q ° dx ^ 



< f (J l B L /q{) I / [A(f)(x)r^ x , i) dx + [ 

mtf,W /q " [J {xeB: A(f)(x)<l} J{x€B: A(f)(x)>l} 



1/90 



\B\ 



1/90 



~R^r' 1)+ j B ^A{f){x))dx} <oo, 



where \/q Q + \/q' = 1, which, implies that / G 7f° /w,c (R!* +1 ) C T 2 2 ' C (R™ +1 ). This finishes 
the proof of Proposition 3.5. □ 



4 Lusin area function and molecular characterizations of 

In this section, we first recall the Musielak-Orlicz Hardy space HipfW 1 ) introduced by 
Ky [34]. Then we establish two equivalent characterizations of i^(R n ) in terms of the 
molecule and the Lusin area function. We begin with some notions and notation. 

In what follows, we denote by S(R n ) the space of all Schwartz functions and by 5'(R n ) 
its dual space (namely, the space of all tempered distributions). For m G N, define 

S m (R n ) := \ 4> G S(R n ) : sup sup (1 + |x|) (m+2)(ri+1) |9f 0(x)| < 1 

[ xeK" /3eZ™, \/3\<m+l 

Then for all / G 5'(M n ), the non-tangential grand maximal function of / is defined by 
setting, for all x G R™, 

f^(x):= sup sup \f*Mv)\, 

(peS m (K n ) \y-x\<t,te(0,oo) 
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where for all t G (0, oo), 4>t(-) := t n 0(j). When m(ip) := |_w [(?(¥>) ~~ 1]J> where (?(<£>) 
and i(<^) are, respectively, as in (2.3) and (2.1), we denote f^i \ simply by /*. 

Now we recall the definition of the Musielak-Orlicz Hardy H^iW 1 ) introduced by Ky 
[34] as follows. 

Definition 4.1. Let (p be as in Definition 2.2. The Musielak-Orlicz Hardy space H^CW 1 ) 
is defined to be the space of all / G e>'(R n ) such that /* G L </3 (R n ) with the quasi-norm 
ll/llf^QR™) : = ll/*IUv(]Rn)- 

Definition 4.2. Let ip be as in Definition 2.2 and a G (0, oo). Assume that G is 
a radial real-valued function satisfying that 

(4.1) ! (f>(x)x^dx = 

Je," 

for all 7 G Z" with |7| < s, where s G Z + with s > \n[q{p) / i(ip) — 1]J , and 

/°°l^)| 2 y = l 

for all £ G M n \ {0}, where (j) denotes the Fourier transform of <j>. 
Then for all / G S'{W l ) and x G R n , define 

S a (f)(x) := I [ \^t*f{y)\ 2 - f . 

Moreover, when a = 1, denote S±(f) simply by S(f). 

It is known that the Lusin area function S is bounded on L p (M n ) for all p G (1, 00) (see, 
for example, [20]). 

Now we introduce the Musielak-Orlicz Hardy space iT^s^R") via the Lusin area func- 
tion as follows. 

Definition 4.3. Let tp be as in Definition 2.2. The Musielak-Orlicz Hardy space i^^R") 
is defined to be the space of all / G 5'(M n ) such that S(f) G L v (M n ) with the quasi-norm 



||/||^,s(K») : = I|5 , (/)IIl^(r«) := 




To introduce the molecular Musielak-Orlicz Hardy space, we first introduce the notion 
of the molecule associated with the growth function ip. 

Definition 4.4. Let p> be as in Definition 2.2, q G (l,oo), s G Z + and e G (0,oo). A 
function a G L 9 (R n ) is called a (ip,q,s,s) -molecule associated with the ball B if 

(i) for each j G Z+, \\a\\ Lq{Uj{B)) < 2-' e |2'B| 1 /9|| XB ||£i (Rt , ) , where U (B) := B and 

Uj(B) := 2i B \ 2i- x B with j G N; 

(ii) J Rn a{x)x 13 dx = for all /3 G Z™ with < s. 
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Definition 4.5. Let (p be as in Definition 2.2, p, q G (l,oo), s G Z + and e G (0, oo). 
The molecular Musielak-Orlicz Hardy space, H^ s ^ ol (M. n ) , is denned to be the space of all 
/ G 5'(IR ra ) satisfying that / = J2j XjCtj i n 5'(lR n ), where {Xj} C C and {ctj}j is a sequence 
of (ip, q, s, e)-molecules with 

^2^( B jA\XB 3 \\ll (Rn) ) < OO, 

3 

where, for each j, the molecule ctj is associated with the ball Bj. Moreover, define 

||/||^(r») := mf {A ({XjCXj}^) } , 
where the infimum is taken over all decompositions of / as above, and 



M\XBj \\L^(R n ) 



< 1 



A (i x j a j}j&i) : = mf < A G (0, oo) : f 

[ jGN V 

Here, for each j G N, a.j is associated with the ball Bj. 

Definition 4.6. Let (p be as in Definition 4.2. For all / G lf' c (M+ +1 ) with p G (l,oo) 
and x G M n , define 



/•oo 

(4-2) ^(/)(s):= / (/(-,t) 

■/ o 



* <k) (x) 



It was proved in [14] that 7r^(/) G L 2 (R n ) for such /. Moreover, we have the following 
properties for the operator n^. 

Proposition 4.7. Let e and s be as in (4.1), ir^ as in (4.2) and (p as in Definition 2.2. 
Then 

(i) the operator n^, initially defined on the space Tf' c (R™ +1 ) withpe (l,oo), expends 
to a bounded linear operator from T^iW^ 1 ) to L p (R n ); 

(ii) £/te operator ir^, initially defined on the space T^(R™ +1 ) ; extends to a bounded linear 
operator from T (/ ,(IR™ +1 ) to fl^R"). 

Proof. The conclusion (i) is just [14, Theorem 6(1)]. Now we prove (ii). Let / G T^(R™ +1 ). 
Then by Proposition 3.5, Corollary 3.4 and (i), we know that 

i j 

in P 2 (R n ), where {Aj}j and {aj}j satisfy (3.1) and (3.2). Recall that for each j, suppa.,- C 
Bj and Bj is a ball of R n . Moreover, from the fact that S is bounded on L p (R ra ) with 
p G (1, oo), we deduce that for all x G R n , S(7r ( j > (f ))(x) < J2j \^j\S( a j)( x )- This, combined 
with Lemma 2.3(i), yields that 

(4.3) / ^(x,S(^(/))(*))dx< W ¥'(x,|A J |5(« j )(x))dx. 
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We now claim that for some e G (0, oo), Oj = ir^dj) is a (</?, oo, s, e)-molecule, up to 
a harmless constant, associated with the ball Bj for each j. Indeed, assume that a is a 
((p, oo)-atom supported in the ball B := B(xb,tb) and q G (l,oo). Since for q G (1,2), 
each (<f, 2, s, e)-molecule is also a (<p, q, s, e)-molecule, to prove the above claim, it suffices 
to show that a := ir^(a) is a (ip, q, s, e)-molecule, up to a harmless constant, associated 
with B with q G [2, oo). 

Let q G [2, oo). When j G {0, • • • , 4}, by (i), we know that 

(4.4) WahiiUjiB)) = ||7i>( a )IU«(^(B)) ~ H a llT 2 £ '(iR;+ 1 ) ~ I b | 1/9 IIxbIIl^(R")- 

When j£N with j > 4, take /i G L 9 '(M n ) satisfying ||/i|| L g' (R n) < 1 and supp(h) C 
Uj(B). Then from Holder's inequality and q' G (1,2], we infer that 



(4.5) \Ma),h)\ 



} dt 
(a(-,t) * cj) t )(x)—h(x)dx 
'o t 



< 



/ / |a(x, t)||<^t * /i(x)| 
Jb jo 

P(a)||L 9 ( R n) \ A(x B 4>t* h) \\ Lq > (Rn) 

„ +1) |S|V«'-V2|^|^, Mx) |2^| 1/2 



Let e G (n[q , (<^)/z(<^) — l],oo). Then by G 5(M n ), Holder's inequality and the fact 
that for any x G B and y G Uj(B), \x — y\ > 2^~ 1 rs, we conclude that, for all x G B, 

" (2h B ) n+e ^ Lq ' (Rn) ' 2 q ~ {2h B ) n /i'+^ 



which, together with (4.5), implies that 

|(^(a),^)|<2-^)|2^|V ? || XB || Z i (ffin) . 

From this and the choice of h, we deduce that, for each j G N with j > 4, 
(4.6) \\a 3 \\ Lq{Ujm = \Ma)\\ Lq{Uj{B)) < 2~^ n+ ^ B^WxsWll^y 

Moreover, by (4.1), we know that, for all 7 G with I7I < s, 

f ir ( p(a)(x)x' y dx = f If f 4> t {x - y)x"< dx \ a(y,t) = 0, 

JR n JO {jR n JR n J * 

which, together with (4.4) and (4.6), implies that a is a (ip,q,s,n + e)-molecule, up to a 
harmless constant, associated with B. Thus, the claim holds. 

By e > n[q((p)/i((p) — 1] and s > \n[q(ip)/i(ip) — 1]J , we know that there exist po G 
(0,i(ip)) and qo G (q(<p), 00) such that e > n(qo/po — 1) an d s + 1 > ro((/o/.Po — !)• Then 
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tp G A qo (R n ) and ip is of uniformly lower type po- Let e := n + e and g G [2, oo) n (1/P(b °°) 
satisfying < r(<^). Then ip G RELy(R n ). We now claim that, for any A G C and 
(</?, g, s, e)-molecule a associated with the ball B C M n , 

(4.7) / <p(x,S(\a)(x))dx<ip(B,- I*!— 

JR n V \\XB\\Lf(R n ) , 

If (4.7) holds, from (4.7), the facts that for all A G (0, oo), S(tt^(//A)) = S(tt (/))/A and 
7T0(//A) = AjQij/A, and Sfa^f)) < J2j \^j\S( a j)i ^ follows that, for all A G (0, oo), 



A 



I A, 



A||xsjIIl* , (R' 1 )/ ' 



which, together with (3.2), implies that ||7r^(/)||^ s(]K n) < A({A j a j } j ) < || / . 1 



, and 



hence completes the proof of (ii). 

Now we prove (4.7). For any x G W 1 , by Holder's inequality, the moment condition of 
<j> and the Taylor remainder theorem, we see that 

1/2 



(4.8) S(a)(x) < j jf * 



00 



B(x,t) 

TD 



t>t * a{y)\ 2 



dy dt 



+ 



j=0 { J o J B(x,t) 



t n+l ( 

4>t * (axu^B)) (y) 



1/2 



r B JB(x,t) 
\ 1/2 

dy dt I 
I 



J= 7e z™ | 7 |= S +1 V rs ^ 



0(y- z ) + (l-0)( y -x B ) 



z - x B 



8+1 



dz 



dy dt 
t n +^ 



1/2 



::^[E J (x)+F,(x)], 
3=0 



where G (0, 1). For any j G Z+, let := 2 J i?. Then from (4.8) and Lemma 2.3(i), we 
infer that 



(4.9) 



ip(x, S(Xa)(x)) dx 



< f (fix, |A| ^[Ej(x) + Fj(x)] J dx 



< 



</?(x, |A|Ej-(x)) dx+ / <p(x, |A|Fj(x)) dx 
ii" J 

EE ¥ .(x,|A|E j (x))dx+ / p(z,|A|F.,-(x))ete 
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:: EE( Ei J +E 

j=0 i=0 



'J/ 



When i S {0, 1, ••■ , 4}, by the uniformly upper type 1 and lower type po properties of 
tp, we see that 

(4.10) Ejj < ||xb|U*>(r«) y V (a:, |A|||xb||^( R ™)) -5 (xc/,(B)«) fa) dz 



_|_|| Vo ||P0 



/ yf^JAHIxBll^mn)) S (xi/jiB)**) fa) 

JUi(Bj) v 



po 



Now we estimate Gjj. From Holder's inequality, the L 9 (R n )-boundedness of S, cp € 
9 <v^™) and Lemma 2.4(vi), we deduce that 

>> 1/9 



(4.11) Gjj < HxbIIl^cR") \j u(B ) S {^u 3 (B)oj fa) 



dx j 



i-l 

Ilv(]r™) 



< IIXB||^(R»)l|a||L 9 (i/ j (B))|2 i+J '5|- 1 /v(2 i+ ^,|A|||xB|IZi( R ™ ) ) 
<2-^«+ e )-"«»V(B,|A|||xB|lii CR » ) ). 
For Hjj, similarly, by po? £ (1jOo)j we have 

1/9 



H„ < \\xb\\Z 



5 (X[/,(B)") fa) 



X 



{/ 

[Mi 



i(.Bj) 
< llv D ll P0 ' " 



Ui(Bj 

¥ (^WIIXBH^Rn)) 



P<)9 



dx 

1/9' 



~ ll XB II i¥ . ( K n) || Q! || LPQIiUj (B)) I 



I^BI-^^^BJAIUxBllZ^Mn)) 
<2-^("+^-^]^^,|A|||xB||Z^ (ffi n ) ), 
which, together with (4.10) and (4.11), implies that, for each j G Z + and i S {0, 1, ••■ , 4}, 
(4-12) Ey < 2^[(^-"*^ (B, lAHIxBllZ^Mn)) • 

When i € N with i > 4, by the uniformly upper type 1 and lower type po properties of 
ip, we conclude that 

(4.13) Eij < ||xb||l¥>(m«) / ip(x,\X\\\xB\\ L L R n ) )^j{x)dx 
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+ \\XB\\% {Rn) ^{x,\X\\\xB\\ L l {Rn) ) [Vj{x)] P0 dx=:Kij + Jij. 

For any given x G Ui(Bj) and y G B(x,t) with t G (0,7\b], we see that, for any 
z G Uj(B), \y-z\ > 2 i+ ir B . Then from G 5(M n ) and Holder's inequality, it follows that 



< 



< 



u 3 { B ) (i + \y - A) n+e 



\ct(z)\ dz 



(2 i +ir B ) n+e 

where e is as in (4.6), which implies that, for all x G Ui(Bj), 



Li{U J (B))Wj{B)\ llq , 



(4.14) Ej(x) < 



^ll«ll^(^(B))l^(g)l W < 2 _ i(n+e)2 _ j(e+£) 



(2 i+ ir B ) n+e ~ ~ ~ iiXsh^^n)- 

By this, Holder's inequality and Lemma 2.4(vi), we see that 
(4-15) Kj j < 2 -*(«+02^(^)y, (tf+'S, lAIUxBllZ^n)) 

< 2 - i (n +e -n,o) 2 - J -( e+£ -n 9 o)^ | A| || XB || 7^) ■ 

Now we estimate Jy. From (4.14) and Lemma 2.4(vi), it follows that 

(4.16) J M - < 2 -™^-'w/p°)2-jrt'+e-m>/p ) (p ( B , | A| HZ^(r»)) ■ 
By (4.13), (4.15) and (4.16), we know that, when i G N with i > 4 and j G Z+, 

(4.17) Ejj < 2-«'(n+e-n go / P o) 2 - JP o(,+^n 9 o/ P o)^ | A| ||^( R n)) ■ 

Now we deal with Fjj. When i G {0, 1, • • • , 4}, similar to the proof of (4.12), we see 
that 



(4.18) 



Fy < 2-*™*-™*^ (B, IAIHxbIIzV)) • 



When i G N with i > 4 and j G Z+, for any x G Ui(Bj), y G B(ar, i) with t G [r B , 2 i+ - 7_2 r B ) 
and z G Uj(B), we know that \z — x B \ < 2-Vb and |y — z| > |x— z| — \x — y\ > 2 t+: >~ 1 r B — t > 
2 l+ i~ 3 r B - From these, we deduce that 

\6{y -z) + {\- 6){y - x B )\ = \(y - z) - (1 - 6){z - x B )\ > 2 i+ ^\ B - Vr B > 2 l+ ^r B . 
Thus, by this and (4.1), we know that, for all 7 G Z™ with I7I = s + 1, 



(4.19) 



I \l - 

JB{x,t) UR" tn 



e{y-z) + {l-e){y-x B ) 
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Z - X B 


s+1 




t 




(aXi^-(B)) (*) 



(it 



•/r B JB{x,t) yJUj 

dy dt 

K f2(n+s+l)+n+l 



< 



t n+l 
-j.n+s+1+e 



z - x B \ s+1 \{axu 3 (B)){z)\dz 



. (B) (2*+J-4r B ) n+1+a+e 



<(2^r B )- 2 ^+^)(2^ B ) 2 (^)||a||| 1([/j . (B)) 



2 i+J-2 



< 2-2i(n+l+s)2-2j£||^ B | 



Moreover, when t G [2 l+: > 2 re, oo), we see that, for all 7 6 Z™ with = s + 1, 
J 2 i+i-2 rB J B (x,t) \jR n tn 



Z - X B 


s+1 




t 







dz 



<^r B ) 2is+1) \ 



a 



LHUj(B)) 



i-co 
/ 

J2 l +i- 2 r B 



dy dt 

r 2(„+ s +l)-l dt 



< 9 -2i(n+s+l) 9 -2j £ || 11-2 

~ Z Z llAB|| L¥ >( K n), 

which, together with (4.19), implies that, for all x € Ui(Bj), 
(4-20) Y ] (x)<2-^ +s+1 h-^ XB \\ L l {Rn y 

Then from (4.20), the uniformly lower type po property of (p and Lemma 2.4(vi), it follows 
that, for each i G N with i > 4 and j G Z+, 



(4-21) F W < / ^(x,2-^+ s + 1 )2^|A|||xb|Iz' (r . ) ) 



IUi(B 3 ) 

< 2-*(™+s+i)po2-i e Po^ ( 2 i+ iB 



dx 



< 2 - ipo (n+ S +l-n ? o/ P o)2-^o(e-n go /po)^ | A| || X B ^'(ffin)) • 

Thus, by (4.9), (4.12), (4.17), (4.18), (4.21), e > n(g /po - 1) and n + 1 + s > ng /po, we 
conclude that 

J 99 (x, \X\S(a)(x)) dx<ip (b, \\\\\xb\\- l \^ , 
which implies that (4.7) holds, and hence completes the proof of Proposition 4.7. □ 
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Recall that / G S'(lR n ) is called to vanish weakly at infinity, if for every tp G S(M. n ), 
f * Vt i n 5'(IR n ) as t — )■ oo (see, for example, [20, p. 50]). Then we have the following 
proposition for H (Pt s(^ n )- 

Proposition 4.8. Let ip be as in Definition 2.2, q G (l,oo), s as in Definition 4-1 and 
e G (nq((p)/i((f), oo), where q(<p) and i(ip) are respectively as in (2.3) and (2.1). Assume 
that f G //^(R 71 ) vanishes weakly at infinity. Then there exist {Xj}j C C and a sequence 
{ttj}j of (ip, q, s, e) -molecules such that f = J2j ^j a j in -f^sO^ 1 )- Moreover, there exists 
a positive constant C , independent of f , such that, 



A({A i a i } i ) := inf < 



A G (0, oo) : 5>(Sj, 



IA 



'j llL^(IR n ) 



< 1 



< CH/lltf^sflR"), 



where, for each j, ctj associates with the ball Bj. 



Proof. By the assumptions of cf> in Definition 4.2 and / G 5'(M n ) vanishing weakly at 
infinity, similar to the proof of [20, Theorem 1.64], we know that, 



(4.22) 



/ 



f 

Jo 



LA f dt 



in S'(R n ). Thus, / = 7ty(& * /) in S'(R n ). Moreover, from / G H lfyS (^ n ), we infer that 
4>t* f e T (/ ,(]R™ +1 ). Applying Theorem 3.1, Corollary 3.4 and Proposition 4.7(h) to <f) t * f, 
we conclude that 

j j 
in both S'{R n ) and H^ tS (R n ), and A({A i a j } j ) < 



*/ll 



T ¥ ,(R™+ 1 ) 



. Further- 



more, by the proof of Proposition 4.7, we know that, for each j, ctj is a (ip, q, s, e)-molecule 
up to a harmless constant, which completes the proof of Proposition 4.8. □ 

To establish the molecular and the Lusin area function characterization of H ip (R n ), we 
need the atomic characterization of H v> (R n ) obtained by Ky [34]. We begin with some 
notions. 

Definition 4.9. Let ip be as in Definition 2.2. 

(I) For each ball B C R n , the space L^(B) with q G [1, oo] is defined to be the set of 
all measurable functions / on R n supported in B such that 



sup 

t€(0,oo) 



1 



\f(x)\^(x,t)dx 



< oo, q G [1, oo), 
q = oo. 



jp(B,t) 

\L°°(B) < °°i 

(II) A triplet (ip, q, s) is called admissible, if q G (q(ip), oo] and s G Z + satisfies s > 
|_n[|^y — 1]J. A measurable function a on R n is called a {ip, q, s)-atom if there exists a 
ball Bel" such that 
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(i) suppa C B; 

(ii) ll a llL^(B) < llxslll^n); 

(iii) j Kn a{x)x a dx = for all a G with |a| < s. 

(Ill) The atomic Musielak-Orlicz Hardy space, H (f ' q ' s (W l ), is defined to be the space of 
all / G <S'(R n ) satisfying that / = J2j bj in 5'(M n ), where {bj}j is a sequence of multiples 
of {ip, q, s)-atoms with supp bj C Bj and 

JMl£(b,.)) < °°- 

i 

Moreover, letting 

A«({6j}j) == mf < 



Ag(0,oc): ^Jb J^ 1 ^ <1 



the quasi-norm of / € i^' 9 ' s (lR n ) is defined by ||/||hv.9.*(R") := mi " {^({^'Ij')}; where 
the infimum is taken over all the decompositions of / as above. 

The following Lemma 4.10 is just [34, Theorem 3.1]. 

Lemma 4.10. Let ip be as in Definition 2.2 and (ip, q, s) admissible. Then H lfi (W a ) = 
H (f ' q,s (W l ) with equivalent norms. 

Now we state the main theorem of this section as follows. 

Theorem 4.11. Let <p be as in Definition 2.2. Assume that s G Z + is as in Definition 
4-2, e£ (max{n + s, nq((p) /i(ip)} , oo), q£ (max{l/i(ip),q((p)r(tp>)/(r((p) — l)},oo), where 
q((p), i(<p) and r((p) are, respectively, as in (2.3), (2.1) and (2.4). Then the following s are 
equivalent: 

(i) / G H v (R n ); 

(ii) / e fl*J£,(R B ); 

(iii) / G i^ 5 s(IR ra ) and f vanishes weakly at infinity. 

Moreover, for all f G H^(R n ), \\f\\ Hv (R») ~ ll/lltf^^R") ~ ll/Hif^R™), where the 
implicit positive constants are independent of f. 

To prove Theorem 4.11, we need the following Lemma 4.12. 

Lemma 4.12. Let ip be as in Definition 2.2. If f G H v (R n ), then f vanishes weakly at 
infinity. 

Proof. Observe that for any / G H^W 1 ), <f> G S{W l ), x G W\ t G (0, oo) and y G B(x,t), 
\f*<f>t(x)\ < f*(y), where /* is as in Definition 4.1. Hence, since, for any p G (0,i(ip)), ip is 
of uniformly lower type p, then by the uniformly lower type p and upper type 1 properties 
of ip and Lemma 2.3(iii), we conclude that, for all x G M. n , 

min{|/*<M*)r,|/*<Mx)|} < kOBM),!)]- 1 / ip(y,l)mm{[f*(yW,f*(y)}dy 

JB(x,t) 
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<b(B(M),l)] _1 / <p(y,f*(y))dy 

JB(x,t) 

as t — > oo. That is, / vanishes weakly at infinity, which completes the proof of Lemma 
4.12. □ 

Now we prove Theorem 4.11 by using Proposition 4.8, Lemmas 4.10 and 4.12. 

Proof of Theorem J^.ll. The proof of Theorem 4.11 is divided into the following three 
steps. 

Step I. (i) => (ii). 

By Lemma 4.10, we see that H^iW 1 ) = iJV>°°' s (]K n ). Moreover, from the definitions of 
H^ ol (R n ) and °°< s (M n ), we infer that °°< s (M n ) c H^ ol (R n ). Thus, H ip (R n ) C 
H^ s ^ ol (M. n ) , which completes the proof of Step I. 

Step II. (ii) (i). 

For any fixed (92, q, s, e)-molecule a associated with the ball B := B(xb, tb) and 
all k G Z+, let aifc := axu k (B) an d Vk be the linear vector space generated by the set 
{ xa Xu k (B)}\a\<s of polynomials. It is well known (see, for example, [53]) that there exists 
a unique polynomial Pk G Vk such that for all multi-indices f3 with |/3| < s, 

(4.23) / xP[a k (x) -P k (x)] dx = 0, 

where Pk is given by the following formula 

(4-24) P k := \w77m I ^a k (x)dx)Q Ptk 

and Q/3 : k is the unique polynomial in Vk satisfying that, for all multi-indices j3 with \ j3\ < s 
and the dirac function 5 1; p , 

(4.25) / x^Q^ k (x)dx = \Uk{B)\8^. 

By the assumption q > q(<p)r(ip)/(r((p) — 1), we know that there exists q G (q((p), 00) 
such that q > qrUp)/{rUp) — 1) and hence 92 G RH/gy (R n ). Now we prove that, for 
each k G Z + , a k — Pk is a (92, g, s)-atom, and J^ fceZ+ -Pfc can be divided into a sum of 
(99, 00, s)-atoms. 

It was proved in [53] that, for all k G Z + , 

SUP |Pfc(x)| < — I ||afc||£l(Rn), 
xe(7 fc (B) \ U k{B)\ 

which, together with Minkowski's inequality and Holder's inequality, implies that 

(4.26) ||a fc - Pk\\Li(R n ) < \\ a k\\Li(2 k B) + \\Pk\\Li(2 k B) ~ 11^11^(^(5)) 
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<2- te |2 fe S|V«|| XB || Z i (M „ ) . 
From this, Holder's inequality and ip G MH(?y(R n ), it follows that 

1/9 



R2^)i fcB |afe(x) " Pfc(x)l ^ (a; '* )dx 
~ b(2^,t)]w " afc - Pfc "^(2^) {^^(M)]^}^ < 2- fe || XB || Z i (Rn) , 
which implies that 

(4-27) \\a k - Pk\\L l t{2 k B) ~ 2~ te ||xB||^ (Rn) . 

This, combined with (4.23) and the fact that supp (a k — Pk) C 2 fc £?, implies that for each 
k G Z+, Qfc — Pk is a multiple of a (99, g, s)-atom. 
Moreover, for any j G Z + and £ G Z™ , let 

00 00 „ 

^ : = V|£4(5)|Ky> := V / <* fe (x)x^x. 

k=j k=3 JU ^ 

Then for any £ G Z" with |£| < s, 



00 „ 

N$ = V / a(x)x*eZx = 0. 

k=0 Ju k (B) 



Therefore, by Holder's inequality and the assumption e G (n + s,oo), we see that, for all 
j G Z+ and £ G Z" with |£| < s, 

00 „ 00 
(4.28) |JV?'| < W | aj (x)x'| dx < ^(2^ B )I V^I^KIIl^b)) 

k=j JU k (B) k=j 

CO 

V-^ 2 -fc( £ -n-K|)|o|l+K|/n|| < 2 -j(s-n-\(.\)\ B \l+\t\/n\\ v _||-l 

fc=j 

Furthermore, from (4.25) and the homogeneity, we deduce that, for all j G Z + , /3 G Z" 

with < s and x G E n , \Qp,j(x)\ < (2 j r B )~^, which, combining with (4.28), implies 
that, for all j G Z+, £ G Z T | with |£| < s and x G M n , 



(4.29) Wmr 1 \NiQl^x) XUi{ B){x)\ < 2-i*\\xB\\- L l {Rn 

Moreover, by (4.24) and the definition of N%, we know that 

00 00 k 

fc=0 £GZ",|£|<sfe=0 j=l 
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= E E^ +1 lVk{ B )\- l Qt,kXu k{ B) - \U k+1 {B)\- l Q^ +lXUk+l{B )\ 

l£L\,\l\<s k=0 
oo 

- E 5> 

e.&\,\(.\<sk=o 

From (4.29), it follows that, for all k G Z + and I G Z™ with |£| < s, 

(4.30) II&$IIl°°(R") ^^~ je \\XB\\ll{Kny 

Moreover, by (4.25), we see that, for all 7 G Z" with I7I < s, f Rn b\ {x)x 1 dx = 0. 
Obviously, supp(6^) C 2 k+1 B. Thus, b\ is a multiple of a 00, s)-atom, and hence 
a multiple of a (9?, g, s)-atom. Furthermore, from the assumption e G (nq(ip) / i(ip) , 00), 
we infer that there exist po £ (O>*(¥0) an d #0 £ (qMi 00 ) such that e > nqo/po. Then 
(/? G A go (M n ) and </? is of uniformly lower type p$. By (4.27), (4.30), the uniformly lower 
type po property of (p and e > nq /p , we conclude that, for all A G (0, 00), 

(4.31) £ p (2 

fcez + ' |^|< s fcez + 

< ^2-^v(2 fe+1 J B,A||x B ||Z^ (s) ) 
kei+ 

Let / G ^'moi(^ n ) - Then there exist C C and a sequence {aj}j of (ip,q,s,e)- 

molecules such that / = J2j ^j a j m 5'(M n ) and 

(4.32) ll/II^CR") ~ A ({"Wi)- 

Let pi G (1, g). Then by (4.26) and (4.30), we know that for each j, there exist a sequence 
{ a j,k}k of multiples of ((p, q, s)-atoms such that ccj = ^2 k dj t k m L pi (M n ). Thus, / = 
^2jJ2k ^j a j,k m S'(R n ), which, together with Lemma 4.10, implies that / G H ip (M n ). 
Moreover, from (4.31) and (4.32), it follows that 

\\f\\H v (R") ^ H{^jaj,k}j,k) < A({A j a j } i ) ~ ll/llff^OR"), 

which completes the proof of Step II. 
Step III. (ii) (iii). 

Let / G H Vj s(M- n ) vanishing weakly at infinity. Then from Proposition 4.8, it follows 
that / G ^olOn and ||/||^ ol (R«) < ||/||ff v , s (R»)- 

Conversely, assume that / G H^ ,s l £ ol (W n ) . Then by Steps I and II, we know that 
H^ s ^ ol (K. n ) = H ip (W l ), which, together with Lemma 4.12, implies that / vanishes weakly 
at infinity. Moreover, from (4.7), together with a standard argument, we infer that / G 
ff v , j g(M n ). This finishes the proof of Step III and hence Theorem 4.11. □ 
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Remark 4.13. By Theorem 4.11, we see that the Hardy-type space i? ¥ , )J s(R n ) is inde- 
pendent of the choices of <p as in Definition 4.2, and the Hardy-type space H^ s ^ ol (M. n ) is 
independent of the choices of q, s and e as in Theorem 4.11. 



5 The Carleson measure characterization of BMO^(M n ) 

In this section, we first recall the notion of the Musielak-Orlicz BMO-type space 
BMO^(IR ra ) from [34] and introduce the 92-Carleson measure. Then we establish the <p- 
Carleson measure characterization of BMO^(R ra ) by using the Lusin area function char- 
acterization of f^(IR ra ) obtained in Theorem 4.11. 

The following Musielak-Orlicz BMO-type space BMO ¥ ,(M n ) was introduced by Ky [34]. 

Definition 5.1. Let <p be as in Definition 2.2. A locally integrable function / on M. n is 
said to belong to the space BMO ip (W l ), if 



>) := sup ^ [ \f(x) - Jb\ dx < 00, 

BcR n WXbWlvcr™) Jb 



where, and in what follows, the supremum is taken over all the balls B C W 1 and 



Jb ■= r^T J f(y) dy. 



1511/2 r , 1 1/2 

11^11^:= sup <^ Jdfi(x,t)\} < 00, 

BcK n \\Xb\\lv(R") {Jb ) 



Definition 5.2. Let ip be as in Definition 2.2. A measure d\x on is called a <p- 

Carleson measure if 

I5IV2 ( f _ / ^ V2 

where the supremum is taken over all balls B C M. n and B denotes the tent over B. 

Theorem 5.3. Let <p be as in Definition 2.2 and <j) as in Definition 4-2. 

(i) Assume that b G BMO^QET). Then dfx(x,t) := \<j) t * b(x)\ 2 ^ is a ip-Carleson 
measure on moreover, there exists a positive constant C , independent of b, such 
that \\dn\\ v < C||6||bmo v (r»)- 

(ii) Assume further that nq{ip) < (n+\)i{ip). Let b G Lf oc (R n ) and, for all (x, t) G R+ +1 , 

dxdt 



dfj,(x,t) := \(f> t * b(x) 



t 

be a ip-Carleson measure on Then b G BMO v (M n ) and, moreover, there exists a 

positive constant C, independent of b, such that ||6||bmo (R n ) — CII^HIv 

To prove Theorem 5.3, we need the following several lemmas. 

Lemma 5.4. Let (p be as in Definition 2.2 and f G BMO v (K n ). Then there exist positive 
constants C\ and C2, independent of f, such that for all balls B C W 1 and A G (0, 00), 



\{x€B: \f(x) - f B \ > X}\ <Ciexp 



Co\B\\ 



i-)\\Xb\\lv 
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l/p 



Proof. Let / G BMO v (IR n ). Take the ball B C R n . By dilation and translation, without 
loss of generality, we may assume that ||/||bmo ¥ ,(R")IIxboIU*'(M") = l^ol and f Bo = 0; 
otherwise, we replace f by tttt, — ^V^ ! . Thus, we only need to prove that there 

1 J J \\j\\BMO l p(R n )\\XB \\L<P(R n ) J 1 

exist positive constants C and c, independent of / and Bq, such that for any A G (0, oo), 
\{x G Bq : \f{x)\ > A} | < Ce~ c ^\Bo\, whose proof is standard and we omit the details 
(see, for example, [32]). This finishes the proof of Lemma 5.4. □ 

By Holder's inequality and Lemma 5.4, we obtain the following Corollary 5.5 immedi- 
ately. We omit the details. 

Corollary 5.5. Let p G (l,oo) and (p be as in Definition 2.2. Then f G BMO v (M n ) if 
and only if f G BMO£ [R n ), where 

BMO£ (IT) := {/ G L\ oc (R n ) : H/Hbmo^) < °°} 

and 

II/IIbmo£cr») : = su p i U/ |r — I^t / I/O*) - /b| p <&) 

BcK n IIXB ||l<?(]R™) LI-DMb J 
with the supremum taken over all the balls BcR" and /b := pjy f(y) dy. 

Lemma 5.6. Lei 99 6e as in Theorem 5.3, e G (i[f$^ — 1]>°°) wit/i an d i(y>) being 

respectively as in (2.3) and (2.1), and Bq := B(xq, 5). Then there exists a positive constant 
C such that for all f G BMO„(R n ), 

f S £ \f(x)-f Bo \ WxbqWlvqi") ,..,. 
Proof. For any k G Z+, let B fe := 2 fe £ . Then for all fc G Z+, 

(5.1) |/ 2fc+1B -/ 2 *Bl <nr-r / l/W - /^l<fa < 2" I'^ll^c-) iijn 

l-Dfc+ll JBfe+i l-^fc+ll 

By e G (^[ffev — 1]>°°), we know that there exist po £ (0,«(^)) and go G (q(<p), 00) such 
that e > — 1). Then ip G A 90 (R n ) and 99 is of uniformly lower type po, which, together 
with Lemma 2.4(vi), implies that, for all j G Z + , 

t/3 f R 2 _jn9o / po llv D IT 1 ^ < 2~^ nqo t.n( R Hvd II -1 ^ < 1 

From this, we deduce that, for all j G Z+, ||xb^ Hz^QR™) < 2 jnq °/ po \\xb Hlvqr"), which, 
together with (5.1), implies that for all k G N, 

, l^onilfll /l|XBjLv(ffi«) ||X2B ||l^(R") > \ 
|/Bfc - JBo\ S * \\f\\BMO v (R n ) y |^j 1 1 |7^Tj J 
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< 



k 

in(q /p -l) I \\XBq\\lv>(R") 



E 2 '' 

3 = 1 



B ^ uj nBMO ¥> (R") 



< 9 fcn(g /P0-l) IIXB ||L^(R") , 
^ 2 |^j ll/llBMO^CR")- 



By this, we conclude that 
SV(x)-f Bo \ 

n 5 n+e + \X~ X \ n+€ 

< 



dx 



< 



J BoS n + e + ]x _ Xo] n + e f^J Bk+1 \ Bk 

I * lf % f * l dx + £(*S)-MS< [ \f{x)-f Bo \dx 

J B k=l J Bk 

1 ||/l|BMO v ( ffi n)+E 2_fe(n+e)(5 " n / \f(x)-fB k \dx+\f Bk -f E 
k=l L jBk 



< 



Bo 

E° -k(n+e-nq /p ) I IIXB IIl^(R") ,. ... < IIXBpll L*(R") ,. ... 
2 ' > II/IIbmo ¥> (R") S II/IIbmo ¥> (R"), 



kfc=l J 

which completes the proof of Lemma 5.6. □ 

Denote by H^°°' s (W 1 ) the sets of all finite combinations of (ip, oo, s) -atoms. It is easy 
to see that H^°°''(R n ) is dense in H^°°''(R n ). The following Lemma 5.7 is just [34, 
Theorem 3.2]. 

Lemma 5.7. Let ip be as in Definition 2.2 satisfying nq{(p) < (n + l)i(<p), where q{ip) 
and i(<p) are respectively as in (2.3) and (2.1). Then the dual space of H^W 1 ), denoted 
by (H^W 1 ))*, is BMO^QET) in the following sense: 

(i) Suppose that b G BMO^(R n ). Then the linear functional : f — > L&(/) := 
J K n / (x)b(x) dx , initially defined for iJg^°°' s (]R") ; has a bounded extension to H v (M. n ). 

(ii) Conversely, every continuous linear functional on H^iW 1 ) arises as the above with 
a unique b G BMO^(IR n ). 

Moreover, ||6||bmo (R n ) ~ ll-^&ll(H (ffi n ))* > where the implicit constants are independent 
ofb. 

Proof of Theorem 5.3. We first prove (i). For any given ball Bq := B(xq, ro), let B := 2Bq. 
Then 

(5.2) b = bg + {b- b s )x§ + {b- b§)x R n\ B =■ h + b 2 + b 3 . 

For bi, by J Rn 0(x) <ix = 0, we see that, for all t 6 (0, oo), (j> t *b\ = 0, which implies that 

(5.3) /j&*&i(*)| 2 ^ = 0. 
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For 62, from Proposition 4.7(i), it follows that 

L\4>t*b 2 (x)\^< [ |^*& 2 (*)| 2 ^<||MV)~ [\Hx)-b s fdx, 

JBo 1 JK1+ 1 1 JB 



'Bo 

which, together with Corollary 5.5, implies that 

IIXBoI|L¥>(R™) L I -DO I Jb t 



<^o| 



1/2 
1/2 



|XB ll-L^(M n ) 



- \\W~\ f~ ^ - b s\ 2 } Z II & IIbmo,(M")- 

") 1 1 -do I Jb J 



Let e be as in Lemma 5.6. Furthermore, for any (x,t) G Bq and y G (-B) , we see that 
i G (0,rB o ) and |y — ar| > |y — xq|- Then by Lemma 5.6, we conclude that 



t £ \Kx)-b s \ 

;+|x-y|) nH 
/* t e |6(x)-6^| i e HxboIIl^r™),,,,, 

/_ 1 f^T7«y^-^ r^n — ft bmo„(i»). 

7(s)G \y-x B \ n+€ r% \B \ vK 



. t e |6(x) - 6g| ^ ^ t e ||xs ||l¥>(R") 

'(B) 

which implies that 



B \ \ 1 f 2 dxdt\ 1/2 



|XB ||i>(]Rn) L I -Bo I J_g^ 
f-r B ^ 1 / 2 



~|y o ~j2T dt j IHIbMO v (R") ^ II&I|bMO v (R™)- 



B 

From this, (5.2), (5.3) and (5.4), we deduce that 



-B J 1 f . , 2 dxdt 
IXBoIIL¥'(M™) 1 1 -do I J B * 



1/2 



^ II&IIbMO^R"), 



which, together with the arbitrariness of Bq C W 1 , implies that dji is a 93-Carleson measure 
on R™ +1 and 1 1 cZ/la 1 1 ^ < ||6||bmo (R™)- This finishes the proof of (i). 

Now we prove (ii). Let / G Fj?; 00 ' s (M n ). Then by / G L°°(IR n ) with compact support, 
b G L 2 oc (R n ) and the Plancherel formula, we conclude that 

dx dt 



(5.5) / f(x)b(x) dx = (p t * f(x)(t>t * K x ) 



n+l t 



where b(x) and <pt * b(x) denote, respectively, the conjugates of b(x) and 4>t*b(x). Moreover, 
from / G fl'^ 00,a (R n ) and Theorem 4.11, it follows that / G i^ iS (IR n ), which further 
implies that <j) t * f G T (/ ,(IR" +1 ). By this and Theorem 3.1, we conclude that there exist 
{Xj}j C C and a sequence {o,j}j of (99, oo)-atoms such that (f>t*f = Ylj ^j a j- From this, 
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(5.5), Holder's inequality, (3.2), Theorem 4.11 and the uniformly upper type 1 property 
of <p, we deduce that 



f{x)b{x) dx 



dx dt 



- E^'l / ^ \aj(x,t)\\q) t *b(x) 



<Ei^ii s / |1/2 "- 1 



2 dx dt 



, dx dt 
t 

, V2 



< 



J2\ X Md^<M{^aj}j)\m 



v ;$ H/llff^sCR")^!!? 



1/2 



< 



which implies that H&Hbmo^QR™) ^ II^HIv" an< ^ hence completes the proof Theorem 5.3. □ 



Acknowledgements. The authors would like to thank the referee for her/his several 
valuable remarks, which motivated the authors to try to remove the additional assumption 
of Theorem 4.11 that (p € MH^M"), appeared in the first version of this paper. Especially, 
the authors would like to thank Doctor Luong Dang Ky very much for some helpful 
discussions on this paper, which induce the authors to indeed remove the aforementioned 
additional assumption of Theorem 4.11, appeared in the first version of this paper. 



References 

[1] L. Aharouch and J. Bennouna, Existence and uniqueness of solutions of unilateral 
problems in Orlicz spaces, Nonlinear Anal. 72 (2010), 3553-3565. 

[2] T. Aoki, Locally bounded linear topological space, Proc. Imp. Acad. Tokyo 18 (1942), 
588-594. 

[3] Z. Birnbaum and W. Orlicz, Uber die verallgemeinerung des begriffes der zueinander 

konjugierten potenzen, Studia Math. 3 (1931), 1-67. 
[4] A. Bonami, J. Feuto and S. Grellier, Endpoint for the DIV-CURL lemma in Hardy 

spaces, Publ. Mat. 54 (2010), 341-358. 
[5] A. Bonami and S. Grellier, Hankel operators and weak factorization for Hardy-Orlicz 

spaces, Colloq. Math. 118 (2010), 107-132. 
[6] A. Bonami, S. Grellier and L. D. Ky, Paraproducts and products of functions in 

BMO(W l ) and ^{W 1 ) through wavelets, J. Math. Pure Appl. 97 (2012), 230-241. 
[7] A. Bonami, T. Iwaniec, P. Jones and M. Zinsmeister, On the product of functions in 

BMO and H 1 , Ann. Inst. Fourier (Grenoble) 57 (2007), 1405-1439. 
[8] T. A. Bui and X. T. Duong, Weighted Hardy spaces associated to operators and 

boundedness of singular integrals, arXiv: 1202.2063. 



30 Shaoxiong Hou, Dachun Yang and Sibei Yang 

[9] S.-S. Byun and S. Ryu, Orlicz regularity for higher order parabolic equations in 
divergence form with coefficients in weak BMO, Arch. Math. (Basel) 95 (2010), 179- 
190. 

[10] L. Carleson, An interpolation problem for bounded analytic functions, Amer. J. Math. 
80 (1958), 921-930. 

[11] L. Carleson, Interpolations by bounded analytic functions and the corona problem, 

Ann. of Math. (2) 76 (1962), 547-559. 
[12] R. R. Coifman, A real variable characterization of H p , Studia Math. 51 (1974), 269- 

274. 

[13] R. R. Coifman, P.-L. Lions, Y. Meyer and S. Semmes, Compensated compactness and 

Hardy spaces, J. Math. Pures Appl. (9) 72 (1993), 247-286. 
[14] R. R. Coifman, Y. Meyer and E. M. Stein, Some new function spaces and their 

applications to harmonic analysis, J. Funct. Anal. 62 (1985), 304-335. 
[15] R. R. Coifman and G. Weiss, Analyse Harmonique Non-commutative sur Certains 

Espaces Homogenes, Lecture Notes in Math., 242, Springer, Berlin, 1971. 
[16] D. Cruz-Uribe and C. J. Neugebauer, The structure of the reverse Holder classes, 

Trans. Amer. Math. Soc. 347 (1995), 2941-2960. 
[17] L. Diening, Maximal function on Musielak-Orlicz spaces and generalized Lebesgue 

spaces, Bull. Sci. Math. 129 (2005), 657-700. 
[18] L. Diening, P. Hasto and S. Roudenko, Function spaces of variable smoothness and 

integrability, J. Funct. Anal. 256 (2009), 1731-1768. 
[19] C. Fefferman and E. M. Stein, H p spaces of several variables, Acta Math. 129 (1972), 

137-195. 

[20] G. B. Folland and E. M. Stein, Hardy Spaces on Homogeneous Groups, Princeton 
University Press, Princeton, N.J.; University of Tokyo Press, Tokyo, 1982. 

[21] M. Frazier, B. Jawerth and G. Weiss, Littlewood-Paley theory and the study of func- 
tion spaces, CBMS Regional Conference Series in Mathematics 79, Published for the 
Conference Board of the Mathematical Sciences, Washington, DC, by the American 
Mathematical Society, Providence, RI, 1991. 

[22] J. Garcfa-Cuerva, Weighted H p spaces, Dissertationes Math. (Rozprawy Mat.) 162 
(1979), 1-63. 

[23] J. Garcfa-Cuerva and J. Rubio de Francia, Weighted Norm Inequalities and Related 
Topics, Amsterdam, North-Holland, 1985. 

[24] L. Grafakos, Modern Fourier Analysis, Second edition, Graduate Texts in Mathemat- 
ics 250, Springer, New York, 2009. 

[25] E. Harboure, O. Salinas and B. Viviani, A look at BMO^(o;) through Carleson mea- 
sures, J. Fourier Anal. Appl. 13 (2007), 267-284. 

[26] T. Heikkinen, Sharp self-improving properties of generalized Orlicz-Poincare inequal- 
ities in connected metric measure spaces, Indiana Univ. Math. J. 59 (2010), 957-986. 

[27] T. Iwaniec and J. Onninen, T^-estimates of Jacobians by subdeterminants, Math. 
Ann. 324 (2002), 341-358. 

[28] S. Janson, Generalizations of Lipschitz spaces and an application to Hardy spaces 
and bounded mean oscillation, Duke Math. J. 47 (1980), 959-982. 



Musielak-Orlicz Hardy Spaces 



31 



[29] R. Jiang and D. Yang, Orlicz-Hardy spaces associated with operators satisfying 

Davies-Gaffney estimates, Commun. Contemp. Math. 13 (2011), 331-373. 
[30] R. Jiang and D. Yang, New Orlicz-Hardy spaces associated with divergence form 

elliptic operators, J. Funct. Anal. 258 (2010), 1167-1224. 
[31] R. Jiang, D. Yang and Y. Zhou, Orlicz-Hardy spaces associated with operators, Sci. 

China Ser. A 52 (2009), 1042-1080. 
[32] F. John and L. Nirenberg, On functions of bounded mean oscillation, Comm. Pure. 

Appl. Math. 14 (1961), 415-426. 
[33] R. Johnson and C. J. Neugebauer, Homeomorphisms preserving A p , Rev. Mat. Ibero. 

3 (1987), 249-273. 

[34] L. D. Ky, New Hardy spaces of Musielak-Orlicz type and boundedness of sublinear 

operators, arXiv: 1103.3757. 
[35] L. D. Ky, Bilinear decompositions and commutators of singular integral operators, 

Trans. Amer. Math. Soc. (to appear) or arXiv: 1105.0486. 
[36] L. D. Ky, Hardy spaces, commutators of singular integral operators related to 

Schrodinger operators and applications, arXiv:1112.4935. 
[37] R. H. Latter, A characterization of H p (M. n ) in terms of atoms, Studia Math. 62 (1978), 

93-101. 

[38] A. K. Lerner, Some remarks on the Hardy-Littlewood maximal function on variable 

W spaces, Math. Z. 251 (2005), 509-521. 
[39] Y. Liang, J. Huang and D. Yang, New real- variable characterizations of Hardy spaces 

of Musielak-Orlicz type, arXiv: 1201.4062. 
[40] C. B. Morrey, Partial regularity results for non-linear elliptic systems, J. Math. Mech. 

17 (1967/1968), 649-670. 
[41] J. Musielak, Orlicz Spaces and Modular Spaces, Lecture Notes in Math., 1034, 

Springer- Verlag, Berlin, 1983. 
[42] E. Nakai, The Campanato, Morrey and Holder spaces on spaces of homogeneous type, 

Studia Math. 176 (2006), 1-19. 
[43] W. Orlicz, Uber eine gewisse Klasse von Raumen vom Typus B, Bull. Int. Acad. Pol. 

Ser. A 8 (1932), 207-220. 
[44] M. M. Rao and Z. D. Ren, Theory of Orlicz Spaces, Monographs and Textbooks in 

Pure and Applied Mathematics, 146, Marcel Dekker, Inc., New York, 1991. 
[45] M. M. Rao and Z. D. Ren, Applications of Orlicz Spaces, Monographs and Textbooks 

in Pure and Applied Mathematics, 250, Marcel Dekker, Inc., New York, 2002. 
[46] S. Rolewicz, On a certain class of linear metric spaces, Bull. Acad. Polon. Sci. CI. III. 

5 (1957), 471-473. 

[47] S. Semmes, A primer on Hardy spaces, and some remarks on a theorem of Evans and 
Miiller, Comm. Partial Differential Equations, 19 (1994), 277-319. 

[48] L. Song and L. Yan, Riesz transforms associated to Schrodinger operators on weighted 
Hardy spaces, J. Funct. Anal. 259 (2010), 1466-1490. 

[49] E. M. Stein, Harmonic Analysis: Real-variable Methods, Orthogonality, and Oscilla- 
tory integrals, Princeton Univ. Press, Princeton, New Jersey, 1993. 

[50] E. M. Stein and G. Weiss, On the theory of harmonic functions of several variables. 
I. The theory of iP-spaces, Acta Math. 103 (1960), 25-62. 



32 



Shaoxiong Hou, Dachun Yang and Sibei Yang 



[51] J.-O. Stromberg, Bounded mean oscillation with Orlicz norms and duality of Hardy- 
spaces, Indiana Univ. Math. J. 28 (1979), 511-544. 

[52] J.-O. Stromberg and A. Torchinsky, Weighted Hardy Spaces, Lecture Notes in Math., 
1381, Springer- Verlag, Berlin, 1989. 

[53] M. H. Taibleson and G. Weiss, The molecular characterization of certain Hardy 
spaces, in: Representation theorems for Hardy spaces, pp. 67-149, Asterisque, 77, 
Soc. Math. France, Paris, 1980. 

[54] B. E. Viviani, An atomic decomposition of the predual of BMO(p), Rev. Mat. Ibero. 
3 (1987), 401-425. 

[55] H. Wadade, Remarks on the critical Besov space and its embedding into weighted 
Besov-Orlicz spaces, Studia Math. 201 (2010), 227-251. 

[56] D. Yang and S. Yang, Local Hardy spaces of Musielak-Orlicz type and their applica- 
tions, Sci. China Math., doi: 10.1007/sll425-012-4377-z or arXiv: 1108.2797. 

[57] K. Yosida, Functional Analysis, Springer- Verlag, Berlin, 1995. 

Shaoxiong Hou, Dachun Yang (Corresponding author) and Sibei Yang 

School of Mathematical Sciences, Beijing Normal University & Laboratory of Mathe- 
matics and Complex Systems, Ministry of Education, Beijing 100875, People's Republic 
of China 

E-mails: houshaoxiong@mail.bnu.edu.cn (S. Hou) 
dcyang@bnu . edu . cn (D. Yang) 
yangsibei@mail.bnu.edu.cn (S. Yang) 



